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1 Introduction

This summer I worked with Dr. Leah Keshet modelling the movement of molecular
motors along microtubules. Specifically, we analyzed the movement of motors transporting
early endosomes in the fungal hyphae of Ustilago Maydis. The hyphae of U. Maydis are
structurally similar to neurons, and thus by studying cargo transport in U. Maydis, we can
gain insights into cargo transport in neurons.

I spent the first part of this project familiarizing myself with the biological background
of motor proteins in the cell. I then used elementary methods to analyze simple PDE
models of motor movement which Guo et al. [3] and others [1] had previously solved. After
reaching the limit of what was solvable using elementary methods, I looked at some of the
more complicated models using quasi-steady state (QSS) methods.

2 Biological Background

In order to transport cargo in the cell, molecular motor proteins carry that cargo along
microtubules. Microtubules can be thought of like the road network of the cell: not only do
they connect different parts of the cell, but they also have an orientation which forces motor
proteins to walk in only one direction along the microtubule. We thus refer to microtubules
as having a “+” and “-” end. Microtubules are generally oriented with their “-” ends at
the nucleus and their “+” ends in the periphery of the cell. However, U. Maydis hyphae
are very long, linear cells, with microtubules oriented in either direction down the length
of the cell [3].

There are two types of motors that move along microtubules. Kinesins generally move
from the “-” end to the “+” end of the microtubule, whereas dyneins move from the “+”
end to the “-” end. Motors can carry a wide range of cargo, but in our models of U. Maydis
hyphae they only carry early endosomes. For cargo to get moved from one part of the cell
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to another, it will first attach to multiple molecular motors and then these motors will
attach to microtubules and have a “tug-of-war” to dictate what direction the cargo moves
[8]. At any given point, only a certain portion of the motors attached to a piece of cargo
will be simultaneously attached to a microtubule, so figuring out the distribution of cargo
throughout the cell can quickly become an arduous mathematical task.

3 PDE Models

In order to model motor movement using PDEs, we made the assumption that motor
concentrations are so large that we can consider motor distributions to be continuous. In
the PDE models of motor proteins that we devised, there are two ways that motor proteins
and cargo can move. They can move at a constant velocity along microtubule, and they can
diffuse freely in the cytosol. In addition, motors can transition between diffusing states and
microtubule-bound states, and can switch onto microtubules of the opposite orientation.
All the PDEs we used were modifications of the one-dimensional conservation equation,
∂c(x,t)

∂t = −∂J(x,t)
∂x ± σ(x, t), where c(x, t) is the concentration of particles, J(x, t) is the

flux of the particles and σ(x, t) is a source/sink term coming from state transitions. The
σ(x, t)-term means that the differential equations are coupled together creating a system
of PDEs.

The main model of motor movement in U. Maydis that Dr. Keshet and I studied
involved three levels of organization. At the base level, we calculated an underlying mi-
crotubule distribution based on certain assumptions about spatial control of microtubule
nucleation. At the second level, we calculated the distribution of dyneins in the fungal
hyphae given this microtubule distribution. At the third level, we calculated the distri-
bution of early endosomes in the cell given both the microtubule distribution in the first
level and the dynein distribution in the second level. Due to the complexity of having a
three-layer model, Guo et al. originally calculated the distributions numerically [3]. While
a numerical calculation can allow us to see what a distribution will look like, using a QSS
approximation can give us a more precise idea of exactly how certain parameters affect
that distribution.

The QSS approximation we used turns a system of coupled PDEs into a single Fokker-
Planck equation,∂u∂t = −V ∂u

∂x + D ∂2u
∂x2 . Here u(x, t) is the total motor density in the cell.

The basic idea is that when the state transitions are much faster than the velocity of motors
travelling down microtubules, then at each point along the cell the motors are essentially
in equilibrium. Mathematically, if p is our vector of motor densities and A is the matrix of
state transitions, then p = pss + εw1 +O(ε2), where pss ∈ Null(A) and ε � 1 is roughly
equal to velocity divided by transition rate. We can then use this approximation for p to
derive the above Fokker-Planck equation, where V is the average weighted velocity of the
motors and D is the effective diffusion. A much more detailed description of these methods
is given by Bressloff and Newby [2].
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By performing this QSS reduction on the PDEs in our model, I was able to replicate the
results of my exact solutions in the rare case where exacts solutions were obtainable and
when the transition rates were sufficiently fast. I was also able to replicate the results of
the numerics in cases with appropriate transition rates, and in doing so gained additional
insight into how different parameters affect motor and endosome distributions.
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