
Summer 2013 NSERC USRA ReportOrderability of Knot GroupsGeo� NaylorAugust 29, 2013During the summer I have been investigating the orderability of knot groupsunder the supervision of Professor Dale Rolfsen. A group is orderable when wean assign an order relation on it that is invariant under appliations of thegroup multipliation. For example if x < y it would then follow for every z inthe group that zx < zy and xz < yz.The key theorem that we used to investigate this problem was the resultthat every group was orderable if and only if every ball of �nite radius waspreorderable. For every group that is �nitely generated we an assoiate a ballof any given radius to be the subset of all words whose length is less than orequal to the given radius. Thus these are �nite sets and thus are ready foromputational methods to be applied them.A preordering for a ball of radius k Bk is a subset P ⊂ Bk suh that wehave:
Bk = {1}
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Bk ⊂ P (3)So we just need a method that determines for a given Bk if it is the ase thata P satisfying all three properties exists. To do so we attempt to generate the set
P and we either suessfully onstrut it or demonstrate that it annot exist inthe attempt. The initial step is to pik an element of Bk that is not the identityand assume without loss of generality that it is in P . We an then use properties2 and 3 to add new elements to P that follow by means of multipliation andonjugation. Eventually we either get all three properties at the same time andhave a preorder, or we end up having 1 ∈ P in whih ase we annot, or neither.In the ase of neither we have to hoose some element that neither it nor itsinverse are in P . It is at this point we break it into ases where we �rst tryaugmenting P with the original element and then try to augment P with theinverse. If one works we get a preorder but if both fail we an demonstratethat a preorder is impossible. This branhing proess an our many times1



and is one of the many fators that ause this to be a omputationally omplexproblem.The generation of P in this proedure and the veri�ation for properties 2and 3 require a method for multiplying words in the group. It is not enoughto merely onatenate two words. We need a way of ompressing them to theirshortest length so we an determine their membership in the ball or determineif they are in fat the empty string orresponding to the identity. We need someway of reating an automati proedure for reduing words to their shortestlength form. To do this we use the Knuth-Bendix proedure. Essentially whatit does is it starts with a small set of rewrite rules that identify the group. Theseare as simple as a rewrite rule orresponding to the relation of the group as wellas the rewrite rules of any generator next to its inverse being equivalent to theempty string. The appliation of any of these rules always shorten a word, butthey may not be su�ient for bringing the word to a anonial form. That'swhere rule on�uene omes in. We an add new rewrite rules by looking atwhih of our urrent rules overlap. This allows us to make more rules from ourinitial set. These new rules may be on�uent with eah other as well whih allowsus to generate even more rules. This proedure does not in general terminatefor most groups, but beause we are only onerned with balls or some �niteradius we are only onerned with reduing a �nite olletion of words. Only a�nite subset of the omplete set of rules would be neessary for reduing thesewords so after applying this proedure long enough we an be on�dent thatour word reduer will be su�iently strong for our purposes.The exeution of this algorithm was done in Python. The �rst part of myresearh projet involved self-teahing myself the language. It was a great ex-periene getting some hands on omputer programming in mathematis. Uponomputing a presentation for a knot group we an then begin to generate someball of �nite radius. Balls of radius up to 5 an be omputed fairly easily. Radius6 balls an take quite a bit longer but are still feasible to deal with in less thana day. Depending on the number of generators and how ompliated the wordreduer is a ball of radius 7 an take about a week of omputer time. Radius 8and above balls are really not feasible unless the group has a partiularly simpleword reduer.I generated preorders for many knot groups for as high of a radius thatwas omputationally viable at the time. While this isn't de�nitive proof onthe orderability of any of these it is evidene to suggest that they are indeedorderable. Though for many groups whose relations are long this evidene isfairly weak. After all groups whose relations relate very long words to otherlong words will behave essentially like free groups on balls of small radius andfree groups are orderable. In a sense, I �nd it muh more desirable to get theresult that something is not orderable beause that result is de�nitive. Most ofthe groups shown to be not orderable through this proedure were ones alreadyshown to be not orderable through other methods. Though one knot in par-tiular did not fall into this ategory and was a non-trivial result. I did provethat the 52 knot is not orderable. Also, by logging all the multipliations andonjugations done by the algorithm and then only looking at the ones that lead2



diretly to the identity, I was able to extrat a short human readable proof thatthe 52 knot is not orderable. This proof would have been nearly impossible todo without the algorithm, as the hain of multipliations and onjugations thatlead to the identity would have been nearly impossible to stumble upon manu-ally. Thus I have had at least some suess getting a positive result with thisproedure. Also, outside the realm of knot groups I have studied the Baumslag-Solitar groups. I have disovered using this method that quite a few non-trivialases of non-orderability exist within this family.Sine I have already built a program that tests for orderability, I plan toontinue testing the orderability of groups for the foreseeable future. This hasbeen an interesting problem to work on and it has been very rewarding to getsome results. I am inredibly grateful to Professor Rolfsen and UBC for theopportunity to partiipate in this program.

3


